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Abstract
In this paper, we present generalization of matching extensions in graphs and we derive combi-
natorial interpretation of wide classes of orthogonal and q-orthogonal polynomials. Speciﬁcally, we
assign general weights to complete graphs, cycles and chains or paths deﬁning matching extensions
in these graphs. The generalized matching polynomials of these graphs have recurrences deﬁning var-
ious orthogonal polynomials—including classical and non-classical ones—as well as q-orthogonal
polynomials. The Hermite, Gegenbauer, Legendre, Chebychev of the ﬁrst and second kind, Jacobi
and Pollaczek orthogonal polynomials and the continuous q-Hermite, Big q-Jacobi, Little q-Jacobi,
Al Salam and alternative q-Charlier q-orthogonal polynomials appeared as applications of this study.
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1. Introduction
The orthogonal polynomials, say Rn(x), are deﬁned by the recurrence relation
Rn+1(x)= (an+1x + bn+1)Rn(x)− cn+1Rn−1(x), n= 0, 1, 2, . . . ,
R−1(x)= 0, R0(x)= 1 (1)
in which
an = kn+1
kn
, bn = an(rn+1 − rn),
cn = anhn
an−1hn−1
= kn+1kn−1hn
k2nhn−1
, (2)
where kn is thenth order leading coefﬁcient ofRn(x), rn=kn−1/kn andhn=
∫ b
a
Rn(x)
2w(x)
dx with w(x) the weight function of Rn(x) deﬁned on the interval [a, b] (see Erdélyi et al.
[2, p. 158]).
The q-classical orthogonal polynomials, say Rn(x; q), where 0<q < 1, satisfy the
recurrence relation
Rn+1(x; q)= (x − dn)Rn(x; q)− gnRn−1(x; q), n= 0, 1, 2, . . . ,
R−1(x; q)= 0, R0(x; q)= 1, (3)
where
dn = a
q
n
h
q
n
, gn = h
q
n
h
q
n−1
, (4)
wherehqn=
∫ B
A
(x)R2n(x; q) dqx and aqn=
∫ B
A
(x)xR2n(x; q) dqxwith(x) positiveweight
function satisfying Pearson-type q-difference equation
Dq()= r,
where Dq is the q-derivative operator given by
Dqf (x) := f (qx)− f (x)
(q − 1)x , x = 0
and , r are polynomials in x of degree at most 2 and exactly 1, respectively. Note that the
q-integral is deﬁned by
∫ B
A
f (x) dqx :=
∫ B
0
f (x) dqx −
∫ A
0
f (x) dqx,
where
∫ A
0
f (x) dqx := A(1− q)
A∑
k=0
f (Aqk)qk
(see Lewanowicz [9] and Medem et al. [10]).
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From the recurrence relation (1), the following representation of orthogonal polynomials
is derived:
Rn(x)= R0(x)
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
a1x + b1 b1/22 0 . . . . . . 0
c
1/2
2 a2x + b2 c1/23 0
...
0 c1/23 a3x + b3
. . .
. . .
...
...
. . .
. . .
. . .
. . . 0
...
. . .
. . . an−1x + bn−1 c1/2n
0 . . . . . . 0 c1/2n anx + bn
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
(see Szegö [11, p. 374]).
Note that analogous representation also holds for the q-orthogonal polynomials.
Combinatorial interpretation of orthogonal polynomials using matchings in graphs has
received much attention by several authors over the last two decades.Among them we refer
to Feinsilver et al. [4], Godsil [5], Godsil and Gutman [6], Viennot [12], and Heilmann and
Lieb [8].
LetG be a simple graph on n vertices with vertex labels 1.n, having edge weightW(i, j)
a non-negative real number for each unordered pair of vertices 〈i, j〉 , i = 1, 2, . . . , n,
j = 1, 2, . . . , n, i < j and vertex weight wi , i= 1, 2, . . . , n. Also, letM be a matching of G
consisting of disjoint edges pairwise having no vertex in common. Then the weight of M,
sayWG(M), is deﬁned by
WG(M)=
∏
〈i,j〉M
W(i, j)
∏
i /∈M
wi
and the corresponding generating function in n variables including the vertex and edge
weights is deﬁned by
P(G;w1, w2, . . . , wn)=
∑
M
(−1)|M|
∏
〈i,j〉M
W(i, j)
∏
i /∈M
wi ,
with |M| the number of edges in M, summing over all matchings M of G.
In this paper, we present generalization of matching extensions in graphs and we provide
combinatorial interpretation of wide classes of orthogonal and q-orthogonal polynomials.
Speciﬁcally, we establish relations of the generating functions of matching extensions of
complete graphs, paths and cycles with orthogonal and q-orthogonal polynomials. As ap-
plications the Hermite, Gegenbauer, Legendre, Chebychev of the ﬁrst and the second kind,
Jacobi and Pollaczek orthogonal polynomials, the continuous q-Hermite polynomials and
the Big q-Jacobi, Little q-Jacobi,Al Salam and alternative q-Charlier q-classical orthogonal
polynomials appeared.
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2. Main results
2.1. Generalization of matching extensions in graphs—combinatorial interpretation
2.1.1. Complete graphs
Let Kn be a complete graph on n vertices with edge weight W(i, j) = 0 and i, j =
1, 2, . . . , n, i = j and with vertex weight wi , i = 1, 2, . . . , n. Note that wi andW(i, j) are
bounded sequences in i, j ; i, j = 1, 2, . . . .
Setting
Kn = P(Kn;w1, w2, . . . , wn)
=
∑
M
(−1)|M|
∏
〈i,j〉M
W(i, j)
∏
i /∈M
wi , (5)
where |M| the number of edges in M, we prove the following proposition.
Proposition 2.1. Kn satisﬁes the recurrence relation
Kn+1 = wn+1Kn −
∑
W(in, n+ 1)Ki1,i2,...,in−1n−1 , n= 0, 1, 2, . . . , (6)
with initial conditionsK−1 = 0 andK0 = 1, whereKi1,i2,...,ikk is the generating function
of the matchings of a complete subgraphKk on the k vertices i1, i2, . . . , ik , k= 1, 2, . . . , n
and the summation is extended over all matchings of the subgraphs Ki1,i2,...,in−1n−1 with
i1, i2, . . . , in−1 vertices.
Proof. The proof of the recurrence is based on the principle of inclusion–exclusion since
the inclusion of an edge in a matching set of a complete graph implies the exclusion of all
the edges adjacent to it. Let M be a matching of the complete graph Kn+1. Either M does
not contain the edge 〈n, n + 1〉 or it does. Every case where the edge 〈n, n + 1〉 is not in
M corresponds to some matching on n vertices with the additional factor of wn+1 since the
(n+ 1)th vertex is in none of them. On the other hand, in all matchings including the edge
〈n, n+1〉, removing it leaves all the matchings derived by the n−1 vertices i1, i2, . . . , in−1
with the removal of each edge 〈in, n+ 1〉 contributing a minus sign times the weight of this
edge, that is,W(in, n+ 1). 
Using the recurrence relation (6) of the above proposition we haveK1=w1 which agrees
with the scheme, since the only matching of the single vertex K1 is the empty one with
weight w1. Similarly, we haveK2 = w1w2 −W(1, 2), since the complete graph K2 has
two matchings, the empty one with weight w1w2 and the matching containing the single
edge 〈1, 2〉 with edge weightW(1, 2).
Corollary 2.1. Let wn = anx − bn, ∑nj=1w−1j W(j, n + 1) = cn/wn, where an, bn are
bounded sequences in n given by (2) and
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win
wn
∑
M,|M|1
(−1)|M|
∏
〈ik,ir 〉M
W(ik, ir )
∏
ik /∈M
wik
=
∑
M,|M|1
(−1)|M|
∏
iM
wi
i∑
j=1
W(j, i + 1)
wj
∏
i /∈M
wi , (7)
where the summation of the ﬁrst side is extended over all matchings M with |M|1 of the
subgraphs Ki1,i2,...,in−1n−1 with vertices i1, i2, . . . , in−1 and the summation of the second side
over all matchings M with |M|1 of the subgraph K1,2,...,n−1n−1 . ThenKn is an orthogonal
polynomial with kn its nth order coefﬁcient.
Proof. We use induction over n, n = 2, 3, . . . . By our assumptions on an, bn and cn we
have thatK2 = R2(x) andK3 = R3(x). Next we suppose that it holds for n and we will
prove it for n+ 1. By induction and (5) the recurrence relation (6) becomes
Kn+1 = wn+1Rn −
∑
in
W(in, n+ 1)
∑
M
(−1)|M|
∏
〈ik,ir 〉M
W(ik, ir )
∏
ik /∈M
wik
=wn+1Rn −
∑
in
W(in, n+ 1)
∏
ij /∈M
wij
−
∑
in
W(in, n+ 1)
∑
M,|M|1
(−1)|M|
∏
〈ik,ir 〉M
W(ik, ir )
∏
ik /∈M
wik
=wn+1Rn −
∏
i /∈M
wi
n∑
j=1
wn
W(j, n+ 1)
wj
−
∑
in
W(in, n+ 1)
∑
M,|M|1
(−1)|M|
∏
〈ik,ir 〉M
W(ik, ir )
∏
ik /∈M
wik . (8)
Using (7) the recurrence relation (8) becomes
Kn+1 = wn+1Rn −
∏
i /∈M
wi
n∑
j=1
wn
W(j, n+ 1)
wj
+ wn
n∑
j=1
W(j, n+ 1)
wj
∑
M,|M|1
(−1)|M|
∏
iM
wi
i∑
j=1
W(j, i + 1)
wj
∏
i /∈M
wi
=wn+1Rn − wn
n∑
j=1
W(j, n+ 1)
wj
∑
M,|M|1
(−1)|M|
∏
iM
wi
×
i∑
j=1
W(j, i + 1)
wj
∏
i /∈M
wi . (9)
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By the expression of orthogonal polynomials as a determinant derived by (1) the last relation
(9) becomes
Kn+1 = wn+1Rn − cnRn−1
orKn+1 = Rn+1. 
Remark 2.1. ByCorollary 2.1we provide combinatorial interpretation of a class of orthog-
onal polynomials by identiﬁcation with a wide class of generating functions of matchings
in complete graphs. The Hermite orthogonal polynomial appears as an application below.
2.1.2. Paths—cycles
LetLn be a path on n vertices with edge weightW(i, j)> 0 when |i−j |=1,W(i, j)=0
otherwise and with vertex weight wi , i = 1, 2, . . . , n. Note that wi and W(i, i + 1) are
bounded sequences in i, i = 1, 2, . . . .
Setting
Ln = P(Ln;w1, w2, . . . , wn)
=
∑
M
(−1)|M|
∏
〈i,j〉M
W(i, j)
∏
i /∈M
wi , (10)
where |M| is the number of edges in M, we prove the following proposition.
Proposition 2.2. Ln satisﬁes the recurrence relation
Ln+1 = wn+1Ln −W(n, n+ 1)Ln−1, n= 0, 1, 2, . . . , (11)
with initial conditionsL−1 = 0 andL0 = 1.
Proof. Let M be a matching of the path Ln+1. Then either M does not contain the edge
〈n, n + 1〉 or it does. Since the inclusion of an edge in a matching of a path implies the
exclusion of the two edges adjacent to it, we have the recurrence relation (11) by using the
principle of inclusion–exclusion as in Proposition 2.1. 
Remark 2.2. Setting in (11) vertexweightwn=anx−bn and edgeweightW(n, n+1)=cn,
where an, bn and cn are bounded sequences in n given by (2), and comparing (11) with
(1) we have the widest class of generating functions of matchings in paths identiﬁed with
orthogonal polynomials. The Gegenbauer, Legendre, Chebychev of the second kind and
Jacobi classical orthogonal polynomials as well as the non-classical Pollaczek orthogonal
polynomial appeared as applications below.
Remark 2.3. Setting in (11) vertex weightwn=x−dn and edge weightW(n, n+1)=gn,
where dn and gn are bounded sequences in n given by (4), and comparing (11), with (3)
we have as previously a wide class of generating functions of matchings in paths identiﬁed
with q-orthogonal polynomials. The Big q-Jacobi, Little q-Jacobi, Al Salam and alternative
q-Charlier q-classical orthogonal polynomials appeared as applications below.
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Remark 2.4. The second part of relation (7) expresses the generating function of the
matchings M with |M|1 of a path with vertex weight wn = anx − bn and edge weight
W ∗(n, n+1)=wn∑nj=1w−1j W(j, n+1), whereW(j, n+1), j=1, 2, . . . , n, is the edge
weight of the complete graph Kn.
Let Cn be a cycle on n vertices with edge weight W(i, j)> 0 when |i − j | = 1 or
(i, j)= (1, n) andW(i, j)= 0 otherwise and with vertex weight wi , i = 1, 2, . . . , n. Note
that wi andW(i, i + 1) are bounded sequences in i, i = 1, 2, . . . .
Setting
Cn = P(Cn;w1, w2, . . . , wn)
=
∑
M
(−1)|M|
∏
〈i,j〉∈M
W(i, j)
∏
i /∈M
wi , (12)
using the principle of inclusion–exclusion and working similarly as in Proposition 2.2 we
have the following proposition.
Proposition 2.3. Cn satisﬁes the recurrence relation
Cn+1 = wn+1L1,2,...,nn − (W(n, n+ 1)L1,2,...,nn−1 +W(1, n+ 1)L2,3,...,nn−1 ),
n= 0, 1, . . . , (13)
with initial conditions C−1 = 0 and C0 = 1, whereLi1,i2,...,ikk is the generating function of
a path on the k vertices i1, i2, . . . , ik .
Remark 2.5. If wn = anx − bn, W(n, n+ 1)= cn and W(1, n+ 1)= anhn/a1h1, where
an, bn and hn are bounded sequences in n given in (2), then
Cn+1 =
(
kn+1
kn
x − bn+1
)
L1,2,...,nn −
kn+1kn−1hn
k2nhn−1
L1,2,...,nn−1
− kn+1k2h1
k2nh2
L2,3,...,nn−1 , n= 0, 1, 2, . . . . (14)
By (14) and Remark 2.2 a relation of orthogonal polynomials with the generating functions
of the matchings in cycles is feasible. The Chebychev orthogonal polynomial of the ﬁrst
kind with the second kind appears as an application below.
2.2. Applications
2.2.1. Hermite polynomials
Let Kn be a complete graph on n vertices with edge weight
W(i, j)= c, i, j = 1, 2, . . . , n,
where c a positive constant and vertex weight wi = aix − bi , where
ai = c, bi = 0 (ai, bi bounded over i).
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FromCorollary 2.1 and relation (7) we have that the generating function of the matchings of
the above complete graph, sayKHn , is an orthogonal polynomial satisfying the recurrence
relation
KHn+1(x)= cxKHn − cnKHn−1(x), (15)
with initial conditionsKH−1(x)= 0 andKH0 (x)= 1.
Note that for c = 2 we have the well-known classical Hermite orthogonal polynomials
(see Erdélyi et al. [2]).
2.2.2. Gegenbauer polynomials
Let Ln be a path on n vertices with edge weight
W(i, i + 1) ≡ ci = i + 2− 1
i + 1 ,
and vertex weight wi = aix − bi , where
ai = 2(i + − 1)
i
, bi = 0,
with >− 12 and  = 0. Note that ai , bi are bounded over i.
By (11) the generating function of the matchings of this path, sayLn, is the well-known
classical Gegenbauer orthogonal polynomial satisfying the recurrence relation
Ln+1(x)=
2(n+ )
n+ 1 xL

n −
n+ 2− 1
n+ 1 L

n−1(x), (16)
with initial conditionsL−1(x) = 0 andL0(x) = 1 (see Erdélyi et al. [2]). Note that for
= 12 , that is, ai= (2i−1)/i andW(i, i+1)= i/(i+1), we have the Legendre orthogonal
polynomials. Also for  = 1, that is, ai = 2 and W(i, i + 1) = 1, we have the Chebychev
polynomials of the second kind.
2.2.3. Chebychev of the ﬁrst kind
Let Cn be the cycle on n vertices with edge weight
W(i, j)=
{1, |i − j | = 1 or (i, j)= (1, n),
0 otherwise
and vertex weight wi = aix − bi , where
ai = 1, bi = 0 (ai, bi bounded over i).
By Remark 2.5 the generating function of the matchings of this cycle, sayPn, is interrelated
with the orthogonal polynomialLn which appeared in Remark 2.2 as
Pn+1 = xLn − 2Ln−1, n= 0, 1, 2, . . . , (17)
with initial conditionsP−1 = 0 andP0 = 1.
This is the well-known interrelation between the classical Chebychev polynomials of the
ﬁrst and second kind (see Erdélyi et al. [2]).
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2.2.4. Jacobi polynomials
Let Ln be the path on n vertices with edge weight
W(i, i + 1) ≡ ci = (i + )(i + )(2i + + + 2)
(i + 1)(i + + + 1)(2i + + ) ,
and vertex weight wi = aix − bi , where
ai = (2i + + − 1)[(2i + + − 2)(2i + + )]2i(i + + )(2i + + − 2) ,
bi = 
2 − 2
2i(i + + )(2i + + − 2) ,
with >− 1 and >− 1 (ai , bi bounded over i).
By (11) the generating function of the matchings of this path, sayL,n , is an orthogonal
polynomial satisfying the recurrence relation
2(n+ 1)(n+ + + 1)(2n+ + )L(,)n+1 (x)
= (2n+ + + 1)[(2n+ + )(2n+ + + 2)x + 2 − 2]L(,)n (x)
+ (n+ )(n+ )(2n+ + + 2)L(,)n−1 (x), (18)
with initial conditionsL(,)−1 (x)= 0 andL(,)0 (x)= 1.
The recurrence relation (18) deﬁnes the well-known classical Jacobi orthogonal polyno-
mial asL,n (see Erdélyi et al. [2]).
Note that the Gegenbauer polynomials are constant multiples of Jacobi polynomials with
= = − 1/2.
2.2.5. Pollaczek polynomials
Let Ln be the path on n vertices with edge weight
W(i, i + 1) ≡ ci = i + 2− 1
i + 1
and vertex weight wi = aix − bi , where
ai = 2(i + + − 1)
i
, bi =−2
i
,
with >− 1 and > ∣∣∣∣ (ai , bi bounded over i).
By (11) the generating function of thematchings of this path, sayL,,n , is an orthogonal
polynomial satisfying the recurrence relation
L
,,
n+1 (x)=
2[(n+ + )x + ]
n+ 1 L
,,
n (x)+ n+ 2− 1
n+ 1 L
,,
n−1 (x), (19)
with initial conditionsL,,−1 (x)= 0 andL,,0 (x)= 1.
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Table 1
q-Classical orthogonal polynomials: Big q-Jacobi, Little q-Jacobi, Al Salam and alternative q-Charlier
Big q-Jacobi
RJn (x; a, b, c; q)
dn
qn+1(c+a2bqn((1+b+c)qn+1−q−1)+a(1+c−cqn−cqn+1+b((1−qn−cqn−qn+1−cq1+n+cq1+2n)))
(1−abq2n)(1−abq2n+2))
gn
−aqn+1(1−qn)(1−aqn)(1−bqn)(1−abqn)(c−abqn)(1−cqn)
(1−abq2n)2(1−abq2n−1)(1−abq2n+1)
Little q-Jacobi
RJn (x; a, b; q)
dn
qn(1+a2bqn+1+a(1−(1+b)qn−(1+b)qn−(1+b)qn+2+bq2n+1))
(1−abq2n)(1−abq2n+2)
gn
−aqn+1(1−qn)(1−aqn)(1−bqn)(1−abqn)(c−abqn)(1−cqn)
(1−abq2n)2(1−abq2n−1)(1−abq2n+1)
Al-Salam
U
(a)
n (x; q)
dn (1+ a)qn
gn aq
n−1(qn − 1)
Alternative q-Charlier
Kn(x, a; q)
dn
qn(1+aqn−1+aqn−aq2n)
(1+aq2n−1)(1+aq2n+1)
gn
aq3n−2(1−qn)(1+aqn−1)
(1+aq2n)(1+aq2n−1)2(1+aq2n−2)
The recurrence relation (19) deﬁnes the well-known singular behaved non-classical Pol-
laczek orthogonal polynomials asL,,n (see Erdélyi et al. [2]).
Note that for = = 0, we have the Gegenbauer polynomials.
2.2.6. q-Classical orthogonal polynomials: Big q-Jacobi, Little q-Jacobi, Al Salam and
alternative q-Charlier
The q-classical orthogonal polynomials Big q-Jacobi, Little q-Jacobi, Al Salam and al-
ternative q-Charlier satisfy the recurrence relation (3) with dn and gn given in the next table,
respectively. Note that for the deﬁnitions of , r, A, B, a and b one can refer to [9,10].
Let the paths on n vertices with edge weights W(i, i + 1) ≡ di and vertex weights
wi = x − gi , where the sequences di and gi are given, respectively, in Table 1. (Note that
di , gi are bounded over i.)
By (11) the generating functions of the matchings of these paths are the above-deﬁned
q-classical orthogonal polynomials.
2.2.7. Continuous q-Hermite polynomials
The continuous q-Hermite polynomials, say RHn (x|q), are q-extensions of the classi-
cal Hermite polynomials having continuous weight functions and satisfy the recurrence
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relation
RHn+1(x|q)=2xRHn (x|q)−(1−qn)RHn−1(x|q), n=0, 1, 2, . . . , RH−1=0, RH0 =1
(see Atakishiyeva et al. [1]).
Let the path on n vertices having edge weight W(i, i + 1) = 1 − qi and vertex weight
wi = 2x (the sequencesW(i, i + 1) and wi are bounded over i).
By (11) the generating function of the matchings of this path is the continuous q-Hermite
polynomial.
References
[1] M.K. Atakishiyeva, N.M. Atakishiyev, C. Villegas, On the square integrability of the q-Hermite functions, J.
Comput. Appl. Math. 99 (1998) 27–35.
[2] A. Erdélyi, W. Magnus, F. Oberhettinger, F.G. Tricomi, Higher Transcendental Functions, vol. II, McGraw-
Hill, NewYork, 1953.
[4] P. Feinsilver, J. McSorley, R. Schott, Combinatorial interpretation and operator calculus of Lommel
polynomials, J. Combin. Theory Ser. A 75 (1996) 163–171.
[5] C.D. Godsil, Hermite polynomials and a duality relation for matching polynomials, Combinatorica 1 (3)
(1981) 257–262.
[6] C.D. Godsil, J. Gutman, On the theory of the matching polynomial, J. Graph Theory 5 (1981) 137–144.
[8] O.J. Heilmann, E.H. Lieb, Theory of monomer–dimer systems, Commun. Math. Phys. 25 (1972) 190–232.
[9] S. Lewanowicz, Representation for the ﬁrst associated q-classical orthogonal polynomials, J. Comput. Appl.
Math. 150 (2003) 311–327.
[10] J.C. Medem, R. Álvarez-Nodarse, F. Marcellán, On the q-polynomials: a distributional study, J. Comput.
Appl. Math. 135 (2001) 157–196.
[11] G. Szegö, Orthogonal Polynomials, NewYork, 1959.
[12] X.G. Viennot, Une théory combinatoire des polynômes orthogonaux généraux, Notes de cours, Université
du Quebec à Montréal, 1983.
Further reading
[3] E.J. Farell, An introduction to matching polynomials, J. Combin. Theory Ser. B 27 (1979) 75–86.
[7] F. Harary, E.M. Palmer, Graphical Enumeration, Academic Press, NewYork, London, 1973.
